We present angular basis functions for the Schrödinger equation of two-electron systems in hyperspherical coordinates. By using the hyperspherical adiabatic approach, the wave functions of two-electron systems are expanded in analytical functions, which generalizes the Jacobi polynomials. We show that these functions, obtained by selecting the diagonal terms of the angular equation, allow efficient diagonalization of the Hamiltonian for all values of the hyperspherical radius. The method is applied to the determination of the 1 S e energy levels of the Li ϩ and we show that the precision can be improved in a systematic and controllable way.
I. INTRODUCTION
Hyperspherical coordinates have been used, for a long time, to solve the N-body quantum problems in molecular ͓1-5͔, atomic ͓6-11͔, and nuclear physics ͓12-14͔. The standard approach begins with the introduction of Jacobi variables to eliminate the center-of-mass coordinates. The remaining 3NϪ3 degrees of freedom are described by a ͑hyper-͒ radius R and 3NϪ4 angular variables ⍀ ϭ( 1 , . . . , 3NϪ4 ) composed by NϪ2 hyperspherical angular variables and by the 2NϪ2 usual spherical angular variables i and i . The nonrelativistic kinetic-energy operator is separable on those variables and its angular part can be identified with the Casimir operator of the O(3NϪ3) symmetry group. The problem of constructing angular basis functions, which diagonalize the kinetic operator, is reduced to the well-established problem of construction of harmonic functions for the orthogonal groups. The irreducible representations of these groups can be labeled by a set of integer indices, and angular functions can be constructed using Jacobi polynomials for each representation.
In concrete applications, the attention is focused on the properties of the wave functions; however, the procedure is a part of the so-called algebraic methods ͓13͔, in which a symmetry group G is decomposed in a chain of subgroups GʛG 1 ʛ•••ʛO(3) ending in the tridimensional rotation group. The multidimensional orthogonal symmetry is broken, not spontaneously by its subgroups but by the interparticle interactions. The effects on the calculation will be the lack of convergence in the expansion by harmonic functions and the need of a large basis to reproduce the wave functions. The intensity of this effect will depend on how ''badly'' the symmetry was broken. The Coulombic threebody systems are an illustrative example on this process for which we usually choose the O(6)ʛO(3)ϫO(3)ʛO(3) chain. The O(3)ϫO(3) symmetry is lightly broken, leading to a reasonable convergence in the composed angular momentum function, which characterizes this subgroup. In opposition, the O(6) symmetry is strongly broken due to the long range of the electromagnetic interaction. A much more favorable situation occurs in the nuclear problem, for which the short-range forces confine the particles, enhancing the role of the kinetic terms. As a result, calculations of the wave function for nuclei with a mass number between two and ten have been reported ͓12͔. In the atomic counterpart, the applications are mainly limited to the three-and four-body case.
An alternative approach to the use of the multidimensional orthogonal basis is to solve the partial differential equation for the angular variables directly by expanding the angular function in a power series in appropriated variables ͓7͔. The functions will not be eigenstates of the orthogonal group but will fully incorporate the interparticle interactions. This approach has been used in calculations of potential curves for helium, H Ϫ , D 2 ϩ , DD, excitons and other species ͓2,15,16͔. The inclusion of nonadiabatic couplings has been reported and accurate ground-state ͓17͔ and excitedstate ͓18͔ energies were obtained. The generalization of the hyperspherical adiabatic approach ͑HAA͒ to complex atoms will require the solution of an infinite set of partial equations instead of ordinary equations as in the three-body case, which is unpractical even in the lithium case. With this in mind, we reviewed the HAA, searching for a basis that can be used as building blocks for atomic and molecular calculations. The set of functions depends parametrically on the hyperspherical radius R. At the Rϭ0 limit, they reproduce the Jacobi polynomials and at the R→ϱ limit, the Laguerre functions behavior, which characterizes the Coulombic problem, is exactly achieved. The functions are obtained extracting the diagonal part of the interactions for all angular momentum manifolds. The functions are transcendental but their Taylor expansion coefficients can be calculated with arbitrary precision.
In order to verify the efficiency of our procedure, we analyze the potential curves and nonadiabatic couplings for Li ϩ and compare the corresponding lowest energies with values obtained by other methods. We observed that the curves have been calculated accurately and the long-range problems are absent. This paper is organized as follows. In Sec. II, we review the HAA approach in order to establish the problem. In Sec. III, we construct what we refer to as ''Laguerre-Jacobi'' functions and we discuss their properties. In Sec. IV, we present the solutions of the method for the Li ϩ ion and finally, Sec. V is dedicated to the conclusion.
II. HYPERSPHERICAL ADIABATIC APPROACH
The HAA is an adequate method to treat N-body systems interacting with the long-range Coulombian forces due to its molecularlike description that brings to mind the spirit of the Born-Oppenheimer approximation. With the choice of appropriate Jacobi coordinates, the center-of-mass degrees of freedom can be excluded and the hyperspherical coordinates are built in order to correlate the remaining NϪ1 radial coordinates. Those coordinates are composed to bring about only one radial component R,
and also angular variables that can be related to the Jacobi radial coordinates r ជ 1 ,r ជ 2 , . . . ,r ជ NϪ1 as ͓12͔
With those coordinates, the hyperspherical Schrödinger equation has the compact form
where is the system energy and the operator Û (R;⍀) depends on all compact variables ⍀ϭ(␣ i , j , j ;iϭ1, . . . ,N Ϫ2; jϭ1, . . . ,NϪ1) and on the hyperradius R through the expression
where C 2 is the Casimir operator of the O(3NϪ3) group and V /R is the interparticle potential energy. In the case of Coulombic interaction, V is independent of R. This means a simple linear dependence on R that the HAA exploits fully using this coordinate as an adiabatic one. Similarly to the Born-Oppenheimer method, one angular equation is defined:
for each parametrized value of R. The eigenvalues are usually called potential curves and the corresponding eigenfunctions are the channel functions constructed for each O(3N Ϫ3) representation. The set represents the quantum numbers that label the channel functions. Finally, the wave function is expanded in the channel functions ͑R,⍀͒ϭR
resulting in an infinite coupled set of ordinary differential equations for the radial amplitude
where
are the nonadiabatic coupling terms with
The brackets above mean integration over all angular variables. This approach differs from the traditional expansions on O(3NϪ3) harmonics due to the fact that the interactions are taken into account in the calculation of the angular functions. The obtainment of the potential curves is almost as difficult as the solution of the full problem; however, such decomposition has several advantages. The first of them is the physical interpretation of any quantum system in terms of potential curves and nonadiabatic couplings. A second important point is the energy independence of the potential curves. Once obtained, they can be used for both bound and continuum energy solutions. The potential curves are a universal characteristic of the system and do not depend on specific experimental situations. This means that excited states, resonances, and continuum properties in general can be studied by the same set of radial equations after the calculation of the angular solutions.
III. ANGULAR SOLUTIONS FOR HELIUMLIKE ATOMS
Our goal is to construct a new class of functions under some requirements. First of all, the set of functions should be able to solve the potential curve equation ͓6͔ for the threebody problems precisely, in full R-region with moderate computational efforts. Second, it should be useful for the general many-body problem as building blocks in the same sense that hydrogenic functions on Hartree solutions can be used for the many-electron atoms. This means that the func-tions should be generated by numerically exact computer codes and also that they should have analytical asymptotic and long-range properties.
A. Angular equation
Considering the nucleus ͑charge Z) as the center of mass, the hyperradius R and the hyperangle ␣ will be related to the spherical radial coordinates of the electrons r 1 and r 2 as given below:
In atomic units, the angular hyperspherical equation for the channel functions and potential curves for this three-body problem is
where l 1 2 and l 2 2 are the usual angular momentum operators and cos ϭr 1 •r 2 . To preserve the individuality of the electrons with respect to the angular motion, the channel functions are now expanded in the basis of the coupled orbital angular momentum
where the total angular momentum L is limited by the relation ͉l 1 Ϫl 2 ͉рLрl 1 ϩl 2 and the unit vectors r i represent the angular spherical variables i , i of the coordinate r ជ i . The functions sin ␣ and cos ␣ take part of this expansion to eliminate the quadratic poles in the angular equation. The resulting equations are
At Rϭ0, the interaction terms vanish and the function G l 1 l 2 assumes the form
where the functions P l 1 ϩ1/2,l 2 ϩ1/2 are the Jacobi polynomials ͓19͔. The corresponding eigenvalues are
B. Laguerre-Jacobi functions
To make clear the topological properties of Eq. ͑14͒, we introduce the variable zϭtan(␣/2) ͓7͔. This change provides coupled differential equations with rational coefficients that allows solutions by the use of Frobenius method. Unlike the expansion of the trigonometric coefficients of Eq. ͑14͒, previous studies ͓7͔ showed fast convergence of the expanded channel functions in power series in this new variable.
The z variable is defined in the region 0рzр1. For heliumlike atoms, the solutions can be limited to the region 0 рzр(ͱ2Ϫ1) by imposing Cauchy's continuity relations. Also, it is numerically convenient to impose polynomial solutions to the channel functions in the limits Rϭ0 and R →ϱ by the following change:
where pϭϪ2ZR/n , and n is the principal quantum number of the He ϩ ion. This change produces the relations
with the coupling term
where J min ϭmax(͉l 1 Ϫl 1 Ј͉,͉l 2 Ϫl 2 Ј͉) and
can be defined using the 3-j and 6-j notations as follows:
The Laguerre-Jacobi functions F l 1 l 2 (R;z) are obtained as eigenstates of the decoupled terms of Eq. ͑19͒, or explicitly,
The variation of the parameter R from zero to infinity builds potential curves u l 1 l 2 (R) for the eigenstates F l 1 l 2 (R;z). The structure of this equation allows the use of the Frobenius method to obtain the function F l 1 l 2 , which is expanded in the form below:
One of the main characteristics of this expansion is its polynomial form at the limits Rϭ0 and R→ϱ. At Rϭ0, the functions are
with the eigenvalues
At R→ϱ, the expressions for the eigenstates has the following Laguerre polynomial structure:
͑29͒
where ϭ2ZRz and L n Ϫl 1 Ϫ1
() are the Laguerre polynomials ͓19͔. In this limit, the potential curves have a defined asymptotic form:
͑30͒
where higher corrections could be obtained using perturbative methods ͓20͔. The asymptotic quantum number that defines each potential curve at the dissociation limit is related to the set ͕,l 1 ,l 2 ͖ through the relation
͑31͒
which is no longer valid for eigenvalues of the coupled angular equation ͑14͒ as the nondiagonal terms force the ''avoided crossings'' of the potential curves.
IV. APPLICATION OF THE METHOD
In this section, we analyze the performance of LaguerreJacobi functions on the diagonalization of the hyperspherical angular equation. The chosen system is the Li ϩ ion with L ϭ0 and total spin Sϭ0. This is a good system to deal with as it can be compared with the well-known solutions and, using the z variable, we can solve the coupled angular equation directly to compare the results.
Initially, the decoupled differential equations ͑25͒ are solved by Frobenius method for each value of the quantum numbers and l up to the maximum numbers max and l max , where l ϭl 1 ϭl 2 for Lϭ0. The resulting potential curves, labeled by the pair (,l ), are shown in Figs. 1͑a͒  and 1͑b͒ where we can see the lowest-energy spectrum. Con-sidering that different angular momentum solutions are not coupled by the interaction terms, the potential curves may cross each other. Besides, it is possible to associate the asymptotic quantum numbers with those numbers at Rϭ0, as in Eq. ͑31͒. The eigenstates of these potential curves obtained from unidimensional equations are easily calculated with great precision for all of the range of the hyperradius.
After the normalization of the angular basis functions, we proceed to the diagonalization of the total angular operator. The resulting corrected potential curves are shown in Figs. 1͑c͒ and 1͑d͒ and the efficiency of the process can be verified in Table I , where we show the convergence of the lowest and most important potential curve for some representative values of R with the varying size of the diagonalization matrix.
The maximum value of the angular momentum l max is related with the truncation of the expansion of the channel functions in the total angular momentum basis as given in Eq. ͑13͒. We can see that the convergence in max is very fast, for all values of l max listed and for all regions of R. The angular momentum expansion is not as fast or efficient, especially for the minimum of the potential curve, but the choice of the coupled angular momentum is standard in the literature as it allows the simultaneous diagonalization of the angular operators of each electron.
We note that the curves in Figs. 1͑a͒ and 1͑b͒ resemble those of Figs. 1͑c͒ and 1͑d͒, except that the crossings are avoided in the latter. This means that Eq. ͑31͒ is no longer valid. In the region of the avoided crossings, the angular functions have sharp transitions as the behavior of the two angular channels changes into one another. This is reflected on the nonadiabatic couplings, especially on the Q Ј 's, which involve second derivatives of the angular functions. An example is shown in Fig. 2 where some representative couplings between the first three potential curves present peaks related to the avoided crossings of the potential curves. The avoided crossings also affect the behavior of the angular channel functions generating sharp transitions, which are not present in the physical system. Their effect is further corrected by the radial coefficients F (R) of the adiabatic expansion for each energy of the system.
The potential curves of the Laguerre-Jacobi solutions can be compared with the exact ones in a more familiar picture when divided by R 2 , as shown in Fig. 3 . We observe that, except in the avoided-crossing regions, the deviations are more pronounced on the minimum of the potential well as expected, since the interaction potential for small and asymptotic values of R is not strongly dependent on the offdiagonal angular momentum coupling. In order to analyze the effect of the size of the diagonalization basis in the angular channel functions as a function of ␣, we have squared the channel function and integrated it over the spherical angles ⍀ i ϭ͕ i , i ͖, iϭ1,2. Such a procedure is defined as follows:
͑32͒
Using the channel function corresponding to the lowest potential curve (ϭ1), we have computed the functional ͑32͒, for different values of R, using only one Laguerre-Jacobi function, labeled by the pair (l max , max )ϭ(0,0), and then using l max ϭ9 and max ϭ9. The comparison between these two calculations is shown in Fig. 4 . In this figure we can see that there is no apparent difference between both calculations for each chosen value of R. This difference is shown in detail in Fig. 5 , where it can be observed that even for the minimum of the potential curve, about Rϭ0.45 a.u., the difference between the solutions is very small. This is a strong indication of the appropriated choice of the diagonalization basis. It is important to note that the good result is due to the continuous transformation of the angular basis as the hyperradius changes, avoiding the necessity of different approaches for each region of R. An example of such a case would be the analytical solutions at Rϭ0, which fail to reproduce the asymptotic behavior, and also the hydrogenic solutions for large values of R, which lack completeness unless the hard-dealing continuum solutions are taken into account. FIG. 2. Some representative nonadiabatic couplings ͑in atomic units͒ for the first three angular channels. The largest peaks are related to inflections of the potential curves, becoming especially sharp in the region of avoided-crossings.
With the angular solutions calculated, we can now solve the radial equation for the bound states of the Li ϩ . The determination of the energy lines is done in a systematic way by truncating the adiabatic expansion into a maximum number N c of coupled channels. The calculated energy for each approximation is related to the exact value in an upper and lower bound scheme ͓21,22͔, i.e.,
where the EAA ͑extreme adiabatic approximation͒ approach corresponds to neglecting all couplings, the UAA ͑uncoupled adiabatic approximation͒ corresponds to the inclusion of the diagonal coupling, and the nondiagonal couplings are taken into account on the CAA ͑coupled adiabatic approximation͒, approaching the exact energy as more radial channels are coupled. This behavior is clear in Table II , where the calculated energy converges to the variational result ͓23͔ as the number of N c coupled channels increases. The convergence is not uniform because channels related with the same angular momentum of the first channel are expected to give the most important contributions. With 13 coupled channels, the error obtained is less than 1 ppm. In the same table, we show that the convergence pattern is similar to the helium case ͓18͔, even with the significative difference in the calculated energy. This suggests the use of this basis for the calculation of energies in the isoelectronic series of the helium.
FIG. 3.
Comparison between potential curve wells of the Li ϩ . ͑a͒ Decoupled solutions. ͑b͒ The exact solutions. The lowest potential curve, which gives the bound states, is deeper for the decoupled solution than for the exact one since it does not take into account all the effects of the electron-electron repulsion. For large and small R, the differences between the solutions become smaller .   FIG. 4 . Behavior of the coupled angular channel functions ͑in atomic units͒ as given by Eq. ͑32͒, with ( max ,l max )ϭ(9,9) for different values of the hyperradius. The dots are the same calculation using only the lowest basis eigenstates, which corresponds to ( max ,l max )ϭ(0,0). The first excited-state energies are listed in Table III . They are obtained from the same set of potential curves as the ground-state energy, but there is a loss of accuracy for the lowest states due to the behavior of nonadiabatic couplings with R. This effect becomes less important for higher excited states, whose wave functions' main bodies are distributed over larger values of R, where the couplings are very small, as seen in Fig. 2. 
V. CONCLUSION
The solution of a system of partial equations in 3NϪ4 angular variables is a formidable and sometimes unpractical task. Direct solutions are difficult even in the Nϭ3 heliumlike case. The long-range interactions cause three different regimes, in which the solutions differ totally. Aside from the spherical harmonics, the Rϭ0 free particle functions are Jacobi polynomials in essence. In the asymptotic region, the bound behavior will dominate ͑hydrogenic in the helium case͒ and the intermediate region is a transition between both behaviors. Therefore, a proper numerical technique for one region will be inaccurate and instable in the other regions. These problems are significative due to the fact that channel functions and potential curves are the basic input for the radial equations. Inaccuracies on those quantities will deteriorate the calculation of energies and radial amplitudes.
The method of analytical expansions developed in Ref.
͓7͔ solves the problems for most of the three-body systems. The understanding that the expansion in harmonics associated to the O(3NϪ3) symmetry is not efficient even in the intermediate R-region suggested the solution of the equations by power series in an appropriated angular variable. The extension of the method for more complex problems is, however, unpractical. The NϾ3 problem requires several angular variables and therefore multivariable power expansion techniques are extremely difficult. However, the calculation of potential curves for NϾ3 can proceed by the construction of a new class of one-dimensional R-dependent functions to replace the ordinary Jacobi basis.
The eigenstates of the decoupled angular equation, the one-channel functions, fill those requirements when the variable z is introduced. With this variable, the angular differential equation for each channel may be changed to furnish polynomial solutions at the limits Rϭ0 and R→ϱ. The use of the Frobenius method leads to very fast convergent expansions of the eigenstates in the full R region. The main aspect of the angular basis constructed with these functions is the update of the basis with R as it carries the information of the diagonal components of the interaction. The result of this procedure is the fast convergence in all of the diagonalization process, especially at the dissociation region. For the positive ion of the lithium, the energy obtained with these potential curves has an accuracy of a few parts per million.
In this paper, we show a significant gain in efficiency diagonalizing the angular heliumlike atom equation with the one-channel basis instead of the pure hyperspherical harmonics. The hope to use it for the many-body problem functions generated by the three-body problems lies in the fact that the kinetic-energy operator in hyperspherical coordinates is constructed recursively from lower dimensions to higher ones.
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